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Stark Shift Contribution to Field Statistics in a
Generalized Jaynes—Cummings Model

M. M. A. Ahmed!?
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The nonlinear and multiphoton interaction between a single two-level atom and
two modes of radiation is studied in a generalized Jaynes—Cummings model. An
intensity-dependent level shift is considered. The time evolution operator is
obtained. The detuning has a photon number dependence. Different statistical
aspects pertaining to either the atom or the fields are calculated. The dipole
moment, the dipole—dipole correlation function, as well as the transient spectrum
are obtained.

1. INTRODUCTION

The interaction of a single two-level atom and the radiation field [Jaynes
and Cummings (1963) model, JCM] has been studied extensively (Cummings,
1965; Eberly et al., 1980; Knight and Radmore, 1982a,b; Narozhny et al.,
1981; Yoo and Eberly, 1985; Tavis and Cummings, 1969). Various models
have been used to discuss many different phenomena (Allen and Eberly,
1975; Sargent et al., 1974; Shumovsky et al., 1985). A number of generalized
JCM models have been investigated (Abdalla et al., 1990, 1991; Abdel-Hafez
et al., 1987; Obada and Abdel-Hafez, 1986; Ackerhalt and Rzazeuski, 1975;
Buck and Sukumar, 1981, 1984; Sukumar and Buck, 1984; Kosierowski,
1986; Kosierowski and Shumovsky, 1987; Kochetov, 1987; Singh, 1982).

In this paper, a generalized JCM is studied; the interaction is multiphoton
and nonlinear. Also, the Stark shift is considered. The constants of motion
are obtained. The time evolution operator is calculated and used to compute
the density matrix. Consequently, different distributions have been assumed
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for the initial photon states. We note that the detuning parameter depends on
the photon numbers. Finally, the transient spectrum is obtained.

2. THE TIME EVOLUTION OPERATOR

We consider the system of a single two-level atom interacting with two
modes of radiation, where the interaction is multiphoton and nonlinear. This
model differs from those considered before (Abdalla et al., 1991) by the
addition of the term 27 a;#; S‘j +» which represents an intensity-dependent level
shift (Stark shift).

The Hamiltonian that describes this model in the rotating wave approxi-
mation (RWA) is given by

2 2 2
H = Z Wjﬁj + 2 Qijj + Z (Xjﬁijj
+ NSp@kal + @hHhas,) 2.1)

where w; are the field frequencies and (); the level energies, while 4 and
d; are the boson operators for the quantized field, which obey the commuta-
tion relation

The §; ; operators are the generators of the group U(2). They describe the
atom and satisfy

[Si;, Sl = giéskj - S&jszz (2.3)

we note that the original Jaynes—Cummings (1963) model is given if we put
a; = 0,k, = 0, and k; = 1 and the generalized model obtained above (Abdalla
et al., 1991) has o; = 0, i.e., this model is a more general one. Here \ is
the coupling constant.

By using the Heisenberg equation of motion for the operators 7; =
a/ a; and S;;, we can deduce the following constants of motion:

P B .
Ny = A, + Ekl(sll —$») (2.4a)
. . 1 A A
N, = A, — ‘2"k2(511 = 82) (2.4b)

Thus, the Hamiltonian (2.1) becomes
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H=}j}<wj+%aj>1€/j+%<01+QZ—%alkl—%a2k2)i+é (2.5)
where
C=¢+D (2.62)
D = \Sia3)alt + (a7 1a§Sy) (2.6b)
2= Exgn - Ezs'zz (2.6¢)

with the new detuning parameter EA‘J which depends on photon numbers
as follows:

B = A~ % ark, + —;—azkz + al(nl + %k[> - az(n2 - %/@) 2.7a)
By= A — ok + F gk, + al(nl 1 k1> - a2<n2 4 11«2) (2.7b)
2 2 2 2
with
A=Q = O+ kw, — kiw, 2.8)

If we put a; = 0, we have E = A, which is the usual detuning parameter.
We note that the E operators satisfy the following relation:

E aha)e = dhiar)eE, (2.9)
We can show that
gD+ Dg =0 (2.10)

It is easy to show that [C, N] = 0 and hence each of them commutes with
H, ie., N and C are constants of motion.

Now we consider the time evolution operator U(f), which is defined
as follows:

U(r) = exp{—iHt)

2
= exp{——i > w; + aj)le}
1

X exp{—é— i(ﬂl + O, - % ok — %a2k2>t}

X exp{iCt} (2.11)
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taking into account the fact that (¢, 1= 0.
After some manipulations, we can show that the time evolution operator
is given by

Uir) = exp{——i— (Ql +Q, — 1 o ky — I azkz)t}

2 2
exp(—izt) 0 A
X [ 0 exp(—iz; t)]exp( iCh) (2.12)
where
Z, = +la n+lk + w+la n”lk (2.13a)
1 wi 7 i 1 3 1 2 ) 2 2 2 2 .
Z, = ol (m =t + (we+ Lal(m + 2k (2.13b)
W1 5 1 1 ) 1 2 2 2 2 9 2 .
and
exp(—iC‘t)
. iE; sin ¢ oSty
cos it — — ——— —I\ —— (d3)2a}!
2y by
= _— £ sin (2.13¢)
—in TR rygle cos pyr + 22 0RY
o 2
with
.2 A + k) A 2
G2 = —L 42 =L 4 p 2.14
A A G-k 4 -

The p; are the generalized Rabi frequencies in this case and ¥; are the Rabi
frequencies for zero detuning.

It is easy to show that U(f)U*(¢) = I. Once the time evolution operator
is known, the dynamical behavior of any operator can be determined through
the relation

O = U (noO)U®) (2.15)

where O(0) is the initial value operator.
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3. SOME STATISTICAL ASPECTS
For the statistical averages we have
(0) = u[p(OO)] 3.1
where the density matrix is
p() = U0p)T*() (3.2)

and the probability distribution function is obtained from the expectation
value of the field density matrix

pr(t) = Trup(t) (3.3)

between the photon number states.
Here we assume that at ¢ = 0, the density matrix takes the following form;

p(0) = pa(0) ® pr(0) (3.4)

When the atom is prepared to be in its pure ground state, the initial
value for the density matrix p(0) takes the form

p(0) = prS11(0) (3.5a)

while the density matrix $**(0), when the atom is prepared to be in its pure
excited state, is given by

p(0) = prSx(0) (3.5b)

From the density matrix for the field at any time ¢ > 0 given by (3.3), the
probability distribution function of finding #; photons in the mode i at r >
0 as mentioned above is given by

P(ny, ny, 1) = (ny, ny| pr(t) | ny, 1) (3.6)

By using equations (3.1)—(3.6) we can obtain some statistical quantities.

3.1. The Atom in Its Ground State

The field density matrix is given generally by

‘A)F(O) = 2 ‘mh m2><m,1, mélprﬁlmzm}m'z (37)

my,my

mi.my

Making use of the above field density matrix (3.7) in the expression for the
density matrix with the ground state (3.5), we obtain the expression for the
probability distribution function



1882 Ahmed

102
SIn t
PE(nyny, £) = v, ‘u‘;" P(n, + ki, my — ky)
1

E}
+ (cos2 ot + Zi_% sin? p.zt)P(n,, ny) (3.8)

Once the probability distribution function is known, the expectation value
for the number of photons can be obtained through the relations

ALY = D, mP(ny, ny, 1) 3.9)
Thus we have;
1a2
GO =7 — b S v, Sm”*;zt Py, 1) (3.10a)
nj 2
1nl
) =7 + ko S v, S‘“}L;‘ﬂ P(ny, ny) (3.10b)
n; 2

By using the constant of motion operators (2.4) we have

A sinpot
Sy =3 v, ; 2 P(ny, 1) (3.11a)
2

ni

. E?
SnoyE =7 (coszp,zt + 4—:2 sinzpzt)P(n[, n,) (3.11b)
‘)

ni

It is easy to show that 3} (S;;()) = I. We can also write the expectation
value for the operator 45!(d3)%; for the ground state we find

(@ii(az)* e

ol e e}

iEy(n, + Sy, ny)

sin tuo(ng + S|, n )]
2pa(ny + 81, ny) ol b

X > {[cos tuy(ny + Sy, np) —

iEx(ny, ny + Sy

sin ty(ny, ny, + S )]
2ua(ny, ny + Sy Halrt, 72 2

X [cos tuo(ny, 1y + 855) +

sin fpy(ny + Sy, 1y) sin fpaing, n, + S
+ oy my + S) Mary 1 12) Moy, 1, 2)}

Moy + 8y, 1) Walng, By + 85)
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X Dy Spngnina+Ss (3.12)

where pn|n2m|m2 = <nla ny | pF(O) | my, m2>-
Finally, the expectation value for the operators 7}'/452 is of the form

(AAPYE = nfind + 2 [ — k)Si(my + k)2 — niin?

n

X v, S”’M B2 by (3.13)

2

where the bar denotes the initial value for the average.

3.2. The Atom in Its Excited State

By using the field density matrix (3.7) in the expression for the density
matrix of the upper state (3.5b), we obtain the probability distribution function

2

Ef
PXny, ny t) = (cos Wit + — i sin® p,1t>P(n1, n,)

+ oy, S0 B2 b, — kymy + k) (3.14)
P~2

We can therefore obtain the expectation value (#;(¢))* through the relation
(3.9),

E7 sin’pt
WO =m0 S [cosw + —‘—Zﬁl—zﬂ]mnl, m) (3159
Ay 1
sin’. ¢
(F) = my = ko 3, vy = P, 1) (3.15b)

ng

Using (2.4), we obtain the formulas for the occupation numbers in the atomic
levels as

” E?
($;, () = 2 [coszmt + — " 2 sin plt:‘P(nl, 1) (3.16a)

i

sin p,lt

(Sn(O)* = >

ni

P(n,, ny) (3.16b)

Also we can show that 3} (S,(0)) = 1.
However, the expectation value for {4}!(d;)%) is given by
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ay'(@)yH™

o o)

iE\(n + 81, np)

in ¢ + S,
2u(ny + Sy, my) sin £ (ny 1 nz)]

X {[cos ty(ng + Sy, np) —
E\(ny, 1y + S)

X t s + S, +
[cos b, 2 2 2p(ny, ny + S5)

sin fIJa](nl, n, + Sz)]

+ vi(n + S5, mo)

sin tpi(n; + Sy, ny) sin 1y (ng, ny, + Sz)}
pilny + Sy, ny) pi(ny, np + 83)

X Pry+Simanin+ S (3.17)
Finally, we have

<ﬁ§'ﬁ§2>ex = nf1n§2 + E [(m + kl)sl(nl - kz)S2 - nflngz]
n

2
X v, S“’Hf‘t P(n;ny) (3.18)

1

We note that in equation (3.17), if we take the complex conjugate and
interchange the subscripts 1 and 2, we can easily obtain (3.12). Also by
interchanging the subscripts 1 and 2, equations (3.10) and (3.11) become
(3.15) and (3.16), respectively.

The cross correlation between modes 1 and 2 can be written as

Acmss = (nl(t)n2(t)> - <n1(t)><n2(t)> (319)

The two modes are said to be correlated if A is positive and anticorrel-
ated if A is negative,

When we use the appropriate quantities of (3.17) and (3.12) and the
expression for the second-order correlation function

(nf (1)) — (nd0)

@p —
870 = TR

(3.20)

we can discuss the bunching and antibunching. Also, we can obtain the dipole
moment operators as follows:
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$ 7 | n I 12
A ) ' ,
< 12(t)>gr - i)\e’( 1~ E ( 1 l)~(nz kz) ‘

fl{! n2!

n
X [cos twy(ny, ny + ky)

ik (ny, n, + k)

in ¢t s + k
D, 1y F Ry S Ml 2 Z)}

sin 1w (ny, ny + ky)
pi(ng, ny + ky)

X

pn[,n2+k2,n|+k|,n2 (321)

and

12
‘ . (n, + ky)!
Sy = —ine@ =21y [(m AL B ]

n! on!

nj

X [cos t(my + ky, 1)

iE\(ny + ki, ny)

int + ky,
2uilny + ky, np) sin ta(m l nz)]

sin tpo(ny + ki, 1)
po(ny + ki, 1)
While the dipole—dipole correlation functions take the form

(S8t

- exp{i[(wl + %oq)kl - <w2 + %az)kz](t - t’)}

sin ot sin pot’ sin pot sin wit’
% 2 v, P2 M2 I:vé
g

pn|.n2+k2,n1+k1,n2 (322)

pa w3
7 iEé M I [ iEé 3 1Y
+ [ COS pof + —— 81N Wof || COS Pot’ — —— SIN Pof
2p~2 2“‘2
X Plny, ny) (3.23)

with

fin, m) = flny — ky, ny + ky)
and
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(Slz(f)le(t'))ex

= eXp{i[(Wl + % al)kl_ (Wz + %(Xz)kz](t - t,)}

iE| . ' lEl : '
X t+— t r — — t
%i: |:<COS {191 2“, SIn )(COS [39] 2p,l sin g )]

1

X [ COS ot + 222 §in Mot (cos Pot’ — 222 in p,zt’>
2py 2p,

+ v M]P[m, nol (3.24)

K3
we note that equations (3.8)—(3.24) are obtained above if we put Ej = A,
ie, o; = 0.
3.3. The Spectrum

The emission spectrum is given by the Fourier transformation of the
dipole—dipole correlation function weighted by the detector response function

<‘1’|Slz(tl)szl(t2)|¢> (3.25)

with
0
I‘!J) = (n, ’12!0‘1, 0‘2)(005 3 |"17 ny, 1)
+ e~ sin % |y, o, 2>> (3.26)

The transient spectrum is given through the relation (Agarwal and Puri,
1986; Eberly and Wodkiewicz, 1977; Zaheer and Zubairy, 1989)

T T
S(w) = 2[‘J' dt, J dt, e~ T—wAT—tp=T+iwT=1)
0 0

X (s | S12(t1)821(82) | ) (3.27)

where T is the interaction time and 1/T" is the detector’s response time.
After some manipulations, we obtain the following formula for the
transient spectrum:
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8
= S(w

= (a1, ag|ny, np)|? cos? i 22 1% + MM
2 L2

+ (g, ap|ny + ki, my + ka)ng, mofay, ag)

X e~ "’sm~cos2[ vz‘/—LN* ‘/—MK*]

2 P
6o 00
+ <(l1, 0’.2"11, n2><n1 + k], ny + kzlal, (12>€ Sin E COs 5

“‘n an p‘"
+ ‘(a;, (Xz!ﬂl + kh Hy + k2>|2

X sin? [ V¥ N 4 UL kk*} (3.28)
2 |.L,',2p,3, n
where
L= —E{F( pr) —ETF(— iy, )
+ ETF(Wn, =) + EVF(— s — W)
M = E{ ESF(ln, ) + ET EFF(— oy, )
+ Ef Ey F(pn, —Mn) + EV E3 F(— Wy, —14p)
N= F(l-l‘m |J.,;,) - F(—-p‘m p';) - F(}.L,,, '-P-'r'z) + F(“Hm —“’r’z)
K = ~Ef F(n, p) + E3F(— by, r)
o explilp, + pp — (W — )T} — exp{-TIT}
F(p'm “‘n) = . ] (3293.)
I+ i, + pp — W= %))
E.
Ef =1+, =7, — 7,
‘i 2}.1,}- E 2 1

Bp = B B = P (3.29b)
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Note that if we take k; = 1, ki, = 0, o; = 0, and A = 0 we obtain the
spectrum obtained earlier (Zaheer and Zubairy, 1989).

4. CONCLUSIONS

In this paper, we considered a generalized multiphoton nonlinear Jaynes—
Cummings model (JCM). We further assumed an intensity-dependent level
shift. The detuning parameter in this case differed from the one obtained
before since it depends on the photon number operator. We solved the model
exactly and found the time evolution operator, and hence calculated the
probability distribution functions and some statistical aspects for the initial
photon states. The dipole moment as well as the dipole—dipole correlation
functions were obtained. We obtained the general form of the transient spec-
trum established earlier as a special case. It is concluded that the former
studies can be considered here; for example, by putting k, = 1, k, = 0, and
a; = 0 we get the original JCM; by puiting o; = 0 we get the model studied
by Abdalla et al. (1990, 1991). The model of Sukumar and Buck (1984) is
obtained by putting k, = 0. Therefore, this model represents a more general-
ized JCM than studied before.
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